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The paper presents a fluid-porous medium model, developed for stationary 2D predictions of fluidized
bed. Dense phase is considered a fixed porous medium, while gas–particle interactions and bubbling
phase are modeled regarding balance of friction forces between gas and particles. Like referent measure-
ments, predictions of lateral jet injection into the bed suggest the jet penetration length is strongly
affected by fluid velocity at the nozzle outlet, while influences of the nozzle vertical position and inclina-
tion angle are not significant. Also, the fluid velocity and the nozzle vertical position exert pronounced
effects on mixing rate of components (fuel and oxidizer).

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Bubbling fluidized bed (FB) is of great importance in process
engineering and energy. In the last 40 years, due to the increasing
energy crisis and need for environmental protection, its applica-
tion has been growing rapidly. Well-known hydrodynamics and
thermal properties of FB, i.e. good conductivity, intensive heat
transfer as well as great thermal capacity, offer the possibility
of numerous chemical reactions that can take place between var-
ious materials.

For the purpose of investigation in energy and process engineer-
ing, besides the experimental methods, numerical simulation is
used. Its advantages are savings in means and time during the pro-
cess of development of facilities and technologies in this field.
However, numerical tool for simulation of processes which include
FB is not completely developed, due to the difficulties in describing
a relatively complex flow and peculiarities in heat and mass trans-
fers that exist in gas–particles fluidized systems. Besides that, the
majorities of existing numerical tools are complex and require
expensive computer hardware, so they are not appropriate for
the needs of investigation and engineering. Numerical models
aimed for simulation of processes in FB, developed so far, belong
either to the Lagrangian models [1,2], where each particle, repre-
senting a characteristic group of particles, is tracked numerically
during its motion within FB, or to the Eulerian models, where re-
gions of the flow domain, through which gas or particles flow,
are considered. Lagrangian approach to the simulation of particle
motion in FB is more exact, but in most cases not suitable for
development- investigations, for it requires considerable computa-
ll rights reserved.
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tion time and memory capacity. Eulerian approach to the FB mod-
eling is used by more authors and it provides relatively simpler
numerical solutions. The so-called two-fluid modeling approach
is of special importance [3,4], where gas and dense phase of FB
(gas–particles system at conditions of minimal fluidization) are
considered as two fluids with different characteristics. In momen-
tum conservation equations for an effective fluid (presenting a
dense phase of FB), fluid–particle interaction at conditions of min-
imal fluidization is modeled, as well as interaction between
particles.

This work suggests to some extent a numerically simpler ver-
sion of two-fluid models, where dense phase of FB is considered
as a fixed porous medium. Gas–particle interactions, as well as
conditions for occurrence of bubbles and non-particle zones are
modeled in similar way as by the two-fluid models, except from
excluding the simulation of particle motion, i.e. dense phase.

This kind of approach to the FB modeling enables computa-
tionally efficient engineering calculations of fluidizing medium
conditions, with analysis of locations and average sizes of non-
particle zones that can provide a number of information useful
during planning of processes in FB. An example of the applica-
tion of suggested method for FB modeling, which is the subject
of this work, is a numerical simulation of fluid lateral jet injec-
tion into the FB, for the purpose of rapid and simple determina-
tion of the jet penetration length into the FB and the efficiency
of mixing between injected fluid component and dense phase.
This analysis is very useful in trying to find the solutions for
combustion of liquid and gaseous fuel in the FB reactor. Given
numerical method enables a rapid and relatively simple analysis
of possible technical solutions for injection of fuels with different
heat capacities into the FB reactor, e.g. fuel injection by using
different inclination angles and positions of the nozzle, providing
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Nomenclature

Latin symbols
dj nozzle opening diameter (m)
dp particle mean diameter (m)
f components mixing fraction (–)
g gravity (m s�2)
h nozzle-bed bottom distance (m)
h0 fluidized bed height (m)
K1,i laminar flow permeability in the direction i (m2)
K2,i turbulent flow permeability in the direction i (m)
k turbulent kinetic energy (m2 s�2)
Lj jet penetration length (m)
p pressure (Pa)
Uj, Ui components of fluid average velocity vector (m s�1)
Uj velocity at the nozzle outlet (m s�1)
Umf minimum fluidization velocity (m s�1)
Us gas velocity at a free cross-section above the bed (m s�1)
xi,xj coordinates (m)

z components mixing factor (1 � |fst � f|/fst) (–)

Greek symbols
a nozzle inclination angle (rad.)
e turbulent kinetic energy dissipation (m2 s�3)
e porosity (–)
l dynamic viscosity (kg m�1 s�1)
lt dynamic turbulent viscosity (kg m�1 s�1)
leff effective dynamic viscosity (kg m�1 s�1)
q fluid density (kg m�3)
qb fluidized bed deposited density (kg m�3)
qf fluidization gas density (kg m�3)
qj gas density in the nozzle (kg m�3)
qs particle material density (kg m�3)
wfr effective friction coefficient (–)
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simultaneously as efficient mixing with FB inert material as
possible.

For the purpose of making the aforementioned analyses, a 2D
numerical model has been developed for simulation of gas jet
entrainment into the bed of particles fluidized by means of air.
A series of numerical experiments has been performed to analyze
the dependence of lateral jet penetration length into the FB on
different parameters of jet injection, such as: the jet injection
velocity, the nozzle inclination angle and the height of the nozzle
position within the FB. In order to verify the suggested model, the
results of numerical simulation are compared with experimental
ones [5]. The lateral jet penetration length is an important condi-
tion for good mixing of components and, accordingly, also for the
efficient and stable combustion of lateral jet of fuel, especially
when we are dealing with liquid and pulverized solid fuel, where
homogeneous dispersion of drops (particles) within the whole
volume of the furnace is very important. When gaseous fuel is
in question, i.e. evaporated components of liquid fuel, besides
the jet penetration length it is important to analyze flow charac-
teristics, diffusion and mixing intensity of gaseous fuel compo-
nents and oxidizers. Because of that, the suggested model of jet
penetration into the FB is complemented with a set of transport
equations for convection and diffusion of gaseous components
in the non-particle flow-porous medium system. Accordingly, a
series of numerical experiments have been performed for a mul-
ti-component system with jet entrainment into the FB. The ob-
tained results have confirmed the assumption that taking into
account the components mixing efficiency as a relevant factor,
in addition to the jet penetration length, is essential in predicting
the fluidized furnace performance.

The model of fluidization has been simplified to a considerable
extent because it is aimed only for the simulation of the jet pene-
tration into the fluidized bed (FB). So, in this case, it is not neces-
sary to consider the momentum, heat and mass transfer of the
particle (dense) phase. The interaction between the gas flow and
the particle phase has been considered in details by the suggested
model, taking into account also the motion (oscillations) of the par-
ticles, through the semi-empirical expression for the effective fric-
tion coefficient, as a function of the fluidization number, as
explained later. For the same reason – lack of interest for detailed
consideration of the flow processes within the particle (dense)
phase, the standard k–e turbulence model has been used, providing
a detailed description of flow within the jet flow zone.
2. The fluidization model and the fluid-porous medium method

As the majority of two-fluid models, the suggested numeri-
cal model of FB is based on the assumptions of Davidson’s [6]
two-phase fluidization model. According to the suggested mod-
el, the gas flow through the particle (dense) phase and the
bubble zone (non-particle zone) is observed. The volume zones
with and without particles are defined on the basis of the gas–
particle phase interaction model. The non-particle zones (bub-
bles) are considered as the turbulent gas flow, while the dense
phase is modeled with respect to the models of flow in porous
media.

The flow in FB is described by means of the momentum con-
servation equations for turbulent flow, in conjunction with the
continuity equation, with the correction of pressure drop for par-
ticles-containing zones at the conditions of minimum fluidization
velocity (dense phase of the FB). In common models of flow in
porous media, the flow is assumed to be laminar, because of a
very narrow space between particles, i.e. narrow passage for fluid
flow. However, in addition to the non-particle zones (bubbles),
the flow is assumed to be turbulent also in the zones of dense
phase, because the particles at the conditions of minimum fluid-
ization velocity are in the state of chaotic motion and that is the
reason to assume turbulent flow between them. Prediction of the
positions and sizes of bubble-zones (i.e. non-particle zones) is
performed by setting the balance of friction forces between the
particles and the fluid, taking into account the forces of particles
interactions.

All the calculations are stationary, so the model offers the pos-
sibility to obtain an average image of flow in the FB with locations
and shapes of the most frequently observed non-particle zones.

2.1. Equations of the model

All parts of the model have been developed for the case of a
two-dimensional plane flow. All differential equations of the model
are elliptical.

Turbulent fluid flow can be described satisfactorily with time-
averaged Navier–Stokes equations and the k–e turbulence model
for determination of turbulent stresses [7]. In the proposed calcu-
lation, the equations for time-averaged variables (U,V,p) are solved,
and Reynolds stresses are modeled based on the hypothesis of iso-
tropic turbulent viscosity:
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Turbulent viscosity is determined from the k–e turbulence model:

lt ¼ Cl
qk2

�
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In this way, the calculation includes solving two additional equa-
tions: for k and e.

The main conservation equations, given in tensor notation, are:
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where the production of turbulence kinetic energy is given as:
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Constants of the turbulence model, which correspond to stan-
dard values from literature [8], are given in Table 1.

Flow in the dense phase zones of the FB is modeled in accor-
dance with the models of porous media. It is assumed that the
dense phase is pseudo-homogeneous with a constant averaged
density, where the gas–particles system is looked upon as one sin-
gle phase. Accordingly, the flow inside the zones surrounded by
porous matrices can be modeled by similar equations as in the case
of single-phase flow, with necessary corrections (Eq. (5)). The
essential correction of these equations refers to the additional term
which defines the pressure drop through the porous medium, i.e.
the FB dense phase. The additional term in the momentum trans-
port equation, in the zones with the dense phase, is modeled in
accordance with the Forchheimer’s equation:

@p
@xi
¼ � l

K1;i
Uj �

q
K2;i
jUjjUj; ð8Þ
Table 1
Constants of the k–e turbulence model.

Cl C1 C2 rk re rh Cl

0.99 1.44 1.92 1 1.3 0.9 0.09
where Uj stands for the gas velocity per reactor cross-section. Ten-
sors K1,i and K2,i are linear and turbulent permeability coefficients,
respectively. These coefficients, for FB dense phase conditions, are
defined according to the Ergun equation as follows:

K1;i ¼
e3d2

p

150 � ð1� eÞ2
; ð9Þ

K2;i ¼
e3dp

1:75 � ð1� eÞ : ð10Þ
2.2. Numerical procedure and boundary conditions for homogeneous
flow domain

Differential conservation equations (3)–(7) are non-linear and
mutually coupled. Numerical procedure of solving the equations
has been performed by using the control volume method [8],
including the collocated numerical grid for momentum equations,
hybrid numerical scheme (the combination of upstream and cen-
tral differencing) and SIMPLE algorithm for solving the equations
[8]. The iteration process stabilization is done by sub-relaxation
technique. The calculation procedure and the numerical method
are described in more details in [7].

For elliptical type of equations (3)–(7), it is necessary to define
the conditions at all boundaries of the space considered, i.e. inlets,
outlets and solid walls. At the inlets, the desired boundary flow
conditions are set. At the outlet cross-section, the axial gradients
of all variables are set to zero. At the walls, a logarithmic velocity
profile is presumed, with corresponding friction stress
dependences.

2.3. Modeling of the bubble phase zones

According to the model proposed, zones without particles are
represented in locations where the intensity of the gas–particle
interaction forces is higher than the intensity of interaction forces
among the particles themselves. With some simplifications, the
gas–particles interaction forces can be reduced to the force of fric-
tion between gas and particles in the FB dense phase and deter-
mined according to the Ergun equation, by means of the
expressions (8)–(10).

Interactions between particles can be reduced to the inter-par-
ticle friction force and to the effects of inter-particle collisions in
the FB. These two effects can be modeled together, with the
expression for the effective inter-particle friction force:

Fp ¼
@pf

@xi
¼ wfrqsð1� ebÞg; ð11Þ

where term qsð1� ebÞg refers to the pressure of the deposited bed
of particles over the bed differential height, and wfr is the effective
friction coefficient of the bed particles, which at the same time re-
fers to the effects of collision between the fluidized bed particles
and is defined by the following semi-empirical expression:

wfr ¼ a � ðUs=Umf Þb; ð12Þ

where a and b are empirical constants.
As it can be observed from the expression (12), the coefficient

wfr depends on particle characteristics (material, shape, specific
area etc.), included in the constant a, as well as on the fluidization
number (Us/Umf), which is the measure of FB agitation, i.e. the
intensity of inter-particle collisions.

If the condition op/oxi > Fp is met inside a section of the observed
space (control volume), then, according to the proposed model, it is
adopted that the given zone belongs to the bubble phase, while
sections of the calculation space with op/oxi 6 Fp correspond to
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Fig. 1. Numerical simulation of the bubble phase appearance in the FB.

Fig. 2. Numerical grid scheme and boundary conditions.
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the FB dense phase. The porosity inside the bubble phase can be
determined by applying the Todes’s semi-empirical expression [9]:

eb ¼ emf
Reþ 0:02Re2

Remf þ 0:02Re2
mf

 !n

; ð13Þ

where Remf and emf refer to Reynolds number and porosity, respec-
tively, under the conditions of minimum fluidization velocity, and n
stands for an empirical constant equal to 0.21, according to [9].

In general case, porosity of the bubble phase, determined by the
suggested model (10)–(13), could be in the range from emf to 1
(Fig. 1); at first, the boundaries of the bubble phase are determined
by means of the procedure (10)–(12), while the distribution of the
porosity within this zone is calculated by semi-empirical expres-
sion (13). Numerical prediction of the jet penetration length into
the FB is performed by means of the same model (10)–(13), but
for the jet boundaries only the bubble zone region has been taken
into account, in which, according to the model, the porosity is
equal to 1.

An illustration of the shown numerical simulation procedure is
given in Fig. 1, which depicts the appearance of the bubble phase
inside the dense phase of the FB, in the case of the air jet entry
through the opening with 0.004 m in diameter, with the velocity
of 5 m/s, into the fixed bed of sand particles, with a mean diameter
of 300 lm.

2.4. Numerical procedure of the bubble phase zones determination

Within an iterative procedure of solving the system of the con-
servation equations (3)–(7), it is almost impossible to confine the
zone without the particles at the same time, i.e. it is impossible
to track the bubble growth and to form the flow through the zones
of the bubbles and particles simultaneously, with the full conver-
gence accomplished. For this reason, the following procedure has
been used: at first, an iterative procedure is performed to solve
the system of the conservation equations (3)–(7), assuming that
the entire calculation domain is filled with the particle phase (like
porous matrix with given porosity), with the gas jet inflow. When
the full convergence is achieved, a special subroutine is used to
analyze the calculation domain parameters, in accordance with
the bubble zone determination model (10)–(12) and the values
of porosity in the corresponding control volumes are determined
with respect to the model (13). After these calculations, the itera-
tive procedure of solving the system of the conservation equations
(3)–(8) is performed again, but for the calculation domain in which
the bubble zones are defined in addition to the porous medium.
During the iterations, the boundary conditions (10)–(13) are in-
cluded again, for the sake of control and eventual corrections of
the zones formed.

The gas flow boundary conditions are identical for non-particle
zones as for the particle phase zones, with application of an addi-
tional term (8) for correction of the pressure drop in Eq. (5), which
is defined, in this case, by the expressions (8)–(10). At the inlets,
the desired boundary flow conditions are set. At the outlet cross-
section, the axial gradients of all variables are set to zero. At the
walls, a logarithmic velocity profile is presumed, with correspond-
ing friction stress dependences.

3. The formulation of the problem

The proposed model for numerical simulation of fluid-dynamic
phenomena in the fluidized bed is very suitable for application
when solving the problem of optimizing the procedure of lateral
stream introduction into the FB. The key issue with fluidization
furnaces with jet fuel feeding is to achieve as uniform mixing of
the combustible dispersion with FB inert material as possible. Uni-
form fuel mixing in FB depends on the penetration of the lateral jet
into the reactor, which can be controlled by a number of parame-
ters, the most important being the following ones: gas velocity at
the nozzle outlet, the nozzle position and the inclination angle of
the jet towards the direction of the fluidization gas. By applying
the proposed computation tool, numerical experiments can be car-
ried out, in order to examine the influence of these parameters on
the jet penetration into the FB, which makes possible to neglect or
minimize the expensive experimental procedures and operations.

Results of extensive experimental investigations of the penetra-
tion of lateral air jet into the fluidized bed have been given in [5].
Experiments were conducted on a Plexiglas set-up with a two-
dimensional FB, 314 mm wide and 25 mm thick, with the possibil-
ity to change the position and the inclination of the lateral jet. The
lateral jet penetration length into the FB was measured by a cam-
corder, with the photo-shooting frequency of 25 pictures per sec-
ond. The measurement error for the jet penetration length,
obtained by this procedure, was not higher than 5 mm.

The experimental results have been compared to the calcula-
tions done with the numerical model shown in this contribution.
It is obvious that, for the simulation of given experiments, two-
dimensional calculations can be applied.



Fig. 3. Numerical simulation of the jet penetration into the FB.
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For the purposes of the calculations, a numerical grid, shown in
Fig. 2, containing 9604 nodes, has been used. The whole calculation
zone consists of the fluidized bed with the existence of bubble and
dense phases, with their distribution being determined by the pro-
posed model. A uniform fluidization air distribution has been pre-
sumed, having in mind that the place of fluidization air
introduction has the properties of the solid wall.
4. Calculation results for the jet penetration and comparisons
with the experiments

In Fig. 3, the results of a numerical simulation of a series of
experiments from [5], obtained by applying the described numer-
ical tools, are given. The simulated experiments refer to the inves-
tigation of the influence of nozzle outlet velocity on the
penetration effect of a horizontal jet in FB. The fluidization gas,
as well as the fluid inside the nozzle, was air at room temperature.
The inert FB material consisted of millet grains with medium diam-
eter of 1.43 mm and density of 1402 kg/m3. The dimensions of the
working space were in accordance with the scheme in Fig. 2. Air
velocities at the horizontal nozzle outlet (9 mm in diameter) were
in the range between 20 and 150 m/s. The fluidization number dur-
ing all experiments was U/Umf = 3, with the medium porosity of the
bed, surrounding the jet, equal to 0.6.

The jet velocity at the nozzle outlet, as it can be observed
from Fig. 3, has a strong influence on the jet penetration length,
which is in accordance with the general conclusion of the exper-
iments. Based on experimental results, a dependence correlation
of the horizontal jet penetration length into the FB as a function
of fluidization parameters and nozzle characteristics is proposed
in [5]:

Lj

dj
¼ 1:89�106 �

qjU
2
j

ð1� ebÞqsgdp

" #0:327

�
qf

qs

� �1:974

� dp

dj

� ��0:04

� 3:8:

ð14Þ
Comparison of the numerical model with experimental results
was performed by analysis of the dependence of maximum dimen-
sionless penetration distance (Lj/dj) of the jet into the FB on the fol-
lowing: the nozzle outlet air velocity (Uj), the nozzle inclination
angle (a) and the nozzle-bed bottom distance (h), under the con-
stant parameters of fluidization. The comparison of the computer
simulation of the horizontal jet penetration length as a function
of air velocity inside the nozzle, with the experimental results from
[5], is given in Fig. 4a. In this figure, numerically obtained depen-
dences of the dimensionless jet penetration distance on the jet
velocity entering the FB, have been compared with experimental
results and values obtained by correlation (14). Numerical calcula-
tion results are in very good accordance with the experiments and
the correlation (14), especially for the nozzle velocity values in the
range of 40–120 m/s. It should be noted here that, for numerical
calculation purposes, the values of constants applied, from (12),
are: a = 0.65 and b = 1.5. The given values of the constants a and
b have been selected on the basis of series of numerical experi-
ments, compared with experimental measurements taken from
[5]. It can be said that the chosen values of the constants show
important universality, because they have been validated for quite
a number of cases with different parameters of fluidization and pe-
netrating jet, such as: materials and diameters of the FB particles,
the nozzle diameters, inlet velocities and inclination angles of the
jet, etc.

The suggested model of jet penetration into the FB has been val-
idated also against a well tested semiempirical model of gaseous
jet entrainment into the FB (proposed by Yates et al. and discussed
in [10]), with the comparison given in Fig. 4b. It should be pointed
out that these calculations have been performed with respect to
the vertical position of the nozzle (upflowing jet), so that the
numerical model has been adjusted accordingly, i.e. the flow is
considered as shown in Fig. 1. The rest of the parameters, like
the conditions for fluidization and the nozzle dimensions, are ex-
actly the same as in the calculations and experiments, with the re-
sults given in Fig. 4a. As shown in Fig. 4b, quite acceptable
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agreement between the model suggested in the paper and the
semiempirical model given in [10] has been obtained.

In addition to the lateral jet analysis, a series of experiments
was done in [5], investigating the influences of the nozzle inclina-
tion angle (a in Fig. 2) and of the jet introduction height on the jet
penetration into the FB. As a result of these investigations, a corre-
lation based on experimental results was proposed, giving a depen-
dence of the inclined jet penetration length into the FB as a
function of fluidization parameters and the nozzle characteristics:
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where a stands for the nozzle inclination angle, according to the
scheme in Fig. 2, while h/h0 is the dimensionless nozzle height,
i.e. the ratio of nozzle-bed surface distance to total bed height.

These cases have been analyzed as well by applying the pro-
posed numerical procedure. Some of the results of computer sim-
ulation of lateral jet penetration into the FB, for various jet
inclination angles and jet introduction heights, are shown in Figs.
5 and 6, respectively. All fluidization conditions, as well as the noz-
zle design, are the same as in the case of the horizontal jet analysis.

In Fig. 7 a comparison of results of numerical simulation of in-
clined jet penetration into the FB, and the semi-empirical experi-
mental correlation (15) is given. As it can be observed from the
diagram in Fig. 7, both the numerical simulation and the experi-
ment point out to a weak influence of the jet inclination angle on
the jet penetration length. However, the same tendency can be
spotted on all diagrams – jet penetration length increases with
the increase of nozzle inclination towards the bed bottom, in the
observed range of values for angle a. It can be also noted from
Fig. 7 that numerical simulation is in very good accordance with
experimental results obtained with the inclined jet. This accor-
dance is again more obvious for the cases with higher velocities
at the nozzle exit. The same values for constants from Eq. (12) as
in the case of horizontal jet (a = 0.65 and b = 1.5) were applied
for this series of numerical experiments as well.

Results of the numerical calculation and experimental correla-
tions of the influence of the nozzle-bed bottom distance on the
jet penetration into the FB, for several air velocities at the nozzle
outlet, are given in Fig. 8. Experimental results, as well as numer-
ical experiments, show that the jet introduction position (h/h0) also
has a very weak influence on the jet penetration length at lower
nozzle position height values, which could have been expected
bearing in mind Eq. (15).
5. Modeling of the mixing of components

As it was mentioned in the Introduction, when introducing a
gaseous fuel, or volatile components of a liquid fuel, into the fluid-
ization furnace, the jet penetration length for feeding is not the
only indicator of mixing of the combustion components, and there-
fore it is also necessary to examine the flow characteristics, diffu-
sion and mixing intensity of gaseous components of the fuel and
the oxidizer. Hence, for a more detailed analysis of the final effects
of fuel jet feeding into the fluidized bed and its influence on the
combustion process as a whole, in addition to observing the jet
penetration length, it is desirable to monitor also the real compo-
nents mixing intensity (the fuel in the nozzle and oxidizer in the
fluidization gas main stream). Therefore, the proposed model of
the jet penetration into the FB is supplemented by a set of trans-
port equations for convective and diffusive mixing of gaseous com-
ponents in a system that consists of the bubble phase and the
dense phase (porous medium).

5.1. Chemical components mixing model

For the purpose of modeling of the chemical components mix-
ing inside the fluidized bed, the aforementioned numerical simula-
tion procedure (1)–(9) was expanded by incorporating an
additional set of transport equations for calculating the conserva-
tion of chemical components in the system, in the following form
for each gaseous component (k):

@

@xj
qUjYk

� �
� @

@xj
ebqDk

@Yk

@xj

� �
¼ Sk; ð16Þ

where Yk and Dk stand for mass fraction and diffusivity of the chem-
ical component k, and Sk is the source/sink of the component k, hav-
ing zero value in the case where there are no chemical reactions.

5.2. Simulation results for chemical components mixing in the FB

A series of numerical experiments was carried out, with mix-
ing of the lateral jet of gaseous fuel which was introduced into
the bed of particles, fluidized by the oxidizer. The working
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Fig. 5. Numerical simulation of lateral jet (dj = 0.009 m, Uj = 50 m/s) penetration into the FB (qs = 1402 kg/m3, dp = 1.43e � 3 m), for various jet inclination angles.
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Fig. 6. Numerical simulation of lateral jet (dj = 0.009 m, Uj = 50 m/s) penetration into the FB (qs = 1402 kg/m3, dp = 1.43e � 3 m), for various jet introduction heights.
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space geometry and FB inert material were the same as in the
case of analysis of the lateral jet penetration length described in
Section 3. By the procedure described in Section 5.1, mixing of
two model-components, representing the fuel (entering through
the nozzle) and the oxidizer, i.e. the fluidization medium, was
observed.
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The level of mixing of the components is usually monitored by
mixture fraction, which is often defined as follows:

f ¼
Yfu � YO2 þ Yo

O2

Yo
fu þ Yo

O2

; ð17Þ

where Yfu and YO2 stand for mass fractions of the fuel and the oxi-
dizer, in a working space point adopted at will. The index ‘‘o” de-
notes the mass fraction values of the components at the entry
point into the working space. Considering that in the observed sys-
tem there exist only two components (the fuel and the oxidizer),
entering the working space separately (through the nozzle and in
the form of fluidization gas, respectively), the mixture fraction is
then equal to the fuel mass fraction (f = Yfu).

Since these investigations are performed primarily with the aim
to develop an efficient furnace, it is convenient to monitor the level
of mixing of the components from the point of view of their stoi-
chiometric ratio. Considering this and to improve the clarity of
the results presentation, the following indicator of the desired level
of mixing of the components has been adopted:

z ¼ 1� jf
st � f j
f st

; ð18Þ

where fst stands for mixture fraction under the conditions of stoichi-
ometric ratio of the components. In this way, if the value of the mix-
ing factor defined like this (z) is closer to 1, then the components
concentration ratio is closer to the ideal gas mixture.

An example of the application of the proposed numerical proce-
dure is given in Fig. 9, in which the results of the numerical simu-
lation of stoichiometric mixing of carbon-monoxide flow are
shown. Carbon-monoxide was introduced through a horizontal
nozzle (3 mm in diameter), with the velocity of 50 m/s, into the
bed of particles with 1.43 mm in diameter and the material density
of 1402 kg/m3, where the material was fluidized by a stream of
oxygen.

By applying the described procedure, the influences of the in-
let velocity, the inclination and the position of the lateral jet of
gaseous fuel on the level of stoichiometric mixing with the flu-
idization gas, i.e. the oxidizer, were analyzed. All fluidization
conditions, as well as the nozzle design, were the same as in
the case of the jet penetration length analysis (Section 4). For
clearer analysis of the results of these numerical experiments,
the mixing intensity of the components was quantitatively de-
picted through the fractions of the mixing factor stoichiometric
zones (Fig. 9) in the whole working space of the furnace, i.e.
of the FB. Zones with the mixing factor (z) above 0.95 were cho-
sen as zones with ‘‘ideal mixing”, i.e. zones with stoichiometric
mixing level.

The Figs. 10 and 11 show the dependences of stoichiometric
mixture zones fraction (i.e. the ratio of the numerically simulated
working space area with z P 0.95, to the total working space area)
on the inclination angle and the lateral jet velocity of methane and
CO streams, respectively. The streams are introduced at medium
height of the bed of particles fluidized by oxygen. Based on dia-
grams in Figs. 10 and 11 similar conclusions can be drawn as from
the analysis of the experiments and of the numerical simulation of
the jet penetration length into the FB, i.e. the stoichiometric mix-
ture zones fraction strongly depends on the fuel jet entrance veloc-
ity, while the inclination angle has a small influence on the level of
mixing of components. Simultaneously, the same tendency is
noted as in the case of jet penetration length, i.e. the stoichiometric
mixture zones fraction tends to be higher if the nozzle is more in-
clined towards the bed bottom.

In Fig. 12, the results of numerical simulations of the fuel and
the fluidization gas mixing are shown, for the cases of several
fuel-introduction heights into the fluidization furnace. Diagrams
from Fig. 12 present the dependences of stoichiometric mixture
zones fraction on the height and the velocity of the lateral jet of
fuel (CO), which is horizontally introduced into a bed of particles
fluidized by oxygen. As opposed to the analysis of the jet penetra-
tion length into the fluidization furnace, the diagrams in Fig. 12
show that the nozzle position along the FB height very strongly
influences the stoichiometric mixture zones fraction. As it can be
noted, a considerably higher mixing intensity of chemical compo-
nents in the fluidization furnace is obtained when the lateral jet
of fuel is positioned in lower zones, which could have not been
concluded solely from the analysis of jet penetration length into
the FB.
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Nevertheless, the positioning of fuel jet feeding into the lower
zones of the fluidization furnace should be done with great care
in practice, because the intensity of mixing of the inert material
near the FB bottom is lower which causes lower heat transfer
intensity and also a non-homogeneous temperature field in this
section of the bed. This may lead to the introduction of fuel into
the zone with lower temperatures, which can reflect negatively
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to the combustion stability and efficiency, especially in the case
of liquid and solid fuels.

5.3. Trial experiments with combustion of the jet-fed fuel into the FB

Trial experiments with combustion in the fluidization fur-
nace were done on a pilot-facility, shown schematically in
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Fig. 13. The fuel (highly-volatilized oil) was fed into the FB at
the angle of 38�, and it was possible to regulate the distance
Fig. 13. Scheme of the laboratory experimental flu
of the nozzle outlet from the bed bottom. The FB inert material
consisted of quartz sand particles with medium diameter of
0.8 mm, deposited density of 1310 kg/m3 and the height of
0.323 m. The fluidization gas was air. During the stationary re-
gime of the furnace operation, temperatures inside the FB and
concentrations of the combustion products were monitored
continuously.

Two experiments were done at two different positions of the
fuel feeding nozzle, with all other conditions of stationary combus-
tion being the same (temperature – approximately 870 �C, air ex-
cess 2.65, the fuel mass flow rate 3.8 kg/h). The comparison of
combustion efficiencies, for observed regimes of operation of the
furnace with different nozzle immersing depths, was performed
by monitoring CO concentrations in the flue gases. In the case
when the fuel was fed at the height of 0.13 m from the bed bottom,
the detected mean value of CO was 189 ppm, while in the case of
feeding the fuel at the height of 0.09 m this value was only
13 ppm. The obtained data were in accordance with the conclu-
sions drawn from the results of numerical experiments (Fig. 12),
i.e. that the height at which the nozzle was positioned inside the
FB strongly influenced the combustion conditions inside the fluid-
ization furnace.
6. Conclusions

In this paper, the results of investigations carried out by
applying the proposed fluid-porous medium model for fluidized
bed numerical simulation are shown, where the FB dense phase
is treated as a fixed porous medium. The interaction between
idization furnace with jet feeding of the fuel.
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the gas and the particles, as well as the conditions for the occur-
rence of bubbles and non-particle zones, are modeled in a simi-
lar way as in the case of the two-fluids models, with the particle
(dense phase) movement being the only aspect excluded from
the simulations. The gas–particles interaction forces, similar to
the two-fluids models, are reduced to the gas–particles friction
force in the FB dense phase, and can be defined in accordance
with the Ergun equation. The interactions between the particles
themselves are reduced to the inter-particle friction force and
the effects of inter-particle collisions in the FB. These two effects
are modeled together, using the expression for the effective in-
ter-particle friction force: Fp = wfrqb(1 � e)g. The effective friction
coefficient of the particles inside the bed wfr = a � (Us/Umf)b, at the
same time refers to the effects of the FB particle collisions. The
constants a and b are the only empirical constants of the pro-
posed model and by means of the verification based on numer-
ous experimental results taken from literature, their values have
been adopted as 0.65 and 1.5, respectively. This kind of approach
to the FB modeling is suitable for rapid engineering calculations
of the state of the fluidization medium, with the analysis of loca-
tions and averaged sizes of bubble phase zones, which can offer
a set of useful data during the planning of processes in the FB
facilities.

An example of application of the proposed FB modeling proce-
dure is the numerical simulation of the introduction of lateral jet
of fluid into the FB, i.e. prompt and simple determination of the
jet penetration length into the FB, as well as the analysis of the
effects of mixing of the jet-fed fuel and the fluidization medium
– oxidizer. Numerical calculations have been carried out for the
two-dimensional case, and the calculation results for the lateral
jet penetration length were compared to numerous experimental
results on two-dimensional fluidized beds, taken from literature.
The lateral jet penetration length into the FB, determined by
applying the proposed numerical procedure, is in very good
accordance with the referent experimental values, both for hori-
zontal jet cases and inclined jet cases, with various inclination an-
gles. The matching of the calculations and the experiments is
generally more obvious for the cases with higher velocities at
the nozzle outlet.

A general conclusion of the numerical simulation and the
experimental investigation is that the jet penetration length into
the FB is very strongly influenced by the fluid velocity at the
nozzle outlet. The jet inclination angle with respect to the hori-
zontal position, as well as the nozzle height, have a much weak-
er influence on the jet penetration length into the FB. However,
based on numerical experiments and on experimental investiga-
tions as well, the same tendency is observed: the jet penetration
length is greater if the nozzle is more inclined towards the bed
bottom, for the observed range of the jet inclination angle values
(from 20� above the horizontal up to 40� below the horizontal
position).

To achieve more detailed analysis of the final effects of the jet
fuel feeding into the FB and its influence on the combustion pro-
cess as a whole, apart from considering the jet penetration
length, the real intensity of mixing of the components (fuel in-
side the nozzle and the oxidizer in the main stream of the fluid-
ization gas) has been also analyzed, by applying the model of
conservation of the chemical components in the FB. Based on
these numerical experiments, the data obtained in the case of
analyzing the influence of the nozzle outlet velocity as well as
the influence of the nozzle inclination angle, are similar to the
experimental results and to the results of numerical simulation
of the jet penetration length into the FB, suggesting that the
stoichiometric mixture zones fraction significantly depends on
the inlet velocity of the fuel jet into the bed, while the inclina-
tion angle has a weak influence on the level of the components
mixing. However during the analysis of the influence of the fuel
introduction height, it has been shown that the nozzle position
along the bed height strongly influences the mixing intensity
of the chemical components in the FB, which could have not
been concluded just by analyzing the jet penetration length into
the FB.

The conclusions drawn from the results of numerical experi-
ments, that the height at which the nozzle is positioned in the FB
significantly influences the combustion conditions inside the fluid-
ization furnace, are in accordance with trial experimental tests of
combustion of the jet-fed fuel in the FB, done on an experimental
pilot-facility with a fluidization furnace.

In the end, comparisons and certain estimations of potential
agreement and discrepances can be given, with respect to more
complicated models available in literature, as well as advantages
and disadvantages of the numerical simulation method suggested
in the paper. As already pointed out in the Introduction, Lagrangian
approach to the simulation of particle motion in FB [1,2] is more
exact, but it requires considerable computation time and memory
capacity, so these models are more suitable for theoretical consid-
erations of local phenomena in FB. By means of Eulerian approach,
especially the two-fluid method of the FB modeling [3,4], where
gas and dense phase of FB (gas–particles system at conditions of
minimal fluidization velocity) are considered as two fluids with
different characteristics, it is possible to provide simpler, but rela-
tively detailed description of the transport phenomena in FB. This
kind of models provides a detailed image of nonstationary distribu-
tion of the bubble phase in the FB, which, however, is not the sub-
ject of this work, so the comparison between the results of these
models and the suggested one cannot be done without great
difficulties.

The case treated in this paper is relatively complex. Namely,
there are two gas streams, interacting with the particles: the one,
aimed for the fluidization itself, and another one, the lateral jet pe-
netrating into the FB. In addition, the gas streams have different
chemical composition, while the character of their mixing is of
considerable importance for the overall analysis of the process. Be-
cause of that, the model has been simplified considerably and it of-
fers a stationary estimation of the dimensions and geometry of the
jet penetrating into the FB of uniform porosity, as well as the effect
of mixing of the jet and the basic fluidization stream components.
On the other hand, the model does not follow the particles motion
and local nonstationary occurence of the FB bubbles around the
bubble zone and the jet zone. Here, it should be mentioned once
again that the suggested model still takes into account one compo-
nent of the particles motion, i.e. their oscillatory motion and the ef-
fects of mutual collisions within the dense phase, by means of the
semi-empirical expression for effective friction coefficient (12),
being a function of the fluidization number (Us/Umf) within the
frame of the model (10)–(12).

In spite of a relatively simple physical model of fluidization, like
it can be seen from Figs. 4, 7, and 8, 2D numerical simulation of the
lateral jet penetration length into the FB, performed by means of
the suggested method, agrees very well with the referent experi-
mental data [5], for the cases of horizontal jets as well as the jets
inclined at different angles.

The model of processes during the jet penetration into the FB is
continuously being improved, with respect to dense phase flow
modeling. An addition of chemical reactions into the model is also
expected in the near future.
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